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ABSTRACT: A stochastic simulation scheme for predict-
ing morphological development during nucleation and
subsequent crystal growth based on predetermined crys-
tallization kinetic data of a semicrystalline polymer under
quiescent isothermal conditions is proposed. Based on pre-
viously obtained crystallization kinetic data for syndiotac-
tic polypropylene (s-PP) used as the input information, the
simulation scheme was successful in predicting the mor-
phological development of s-PP during isothermal crystal-
lization from the melt state. The predicted development of
crystallinity during crystallization was reanalyzed with the
Avrami macrokinetic model, and good agreement between

the predicted and theoretical values for s-PP was
observed. On the basis of this simulation scheme, both the
spherulite size and its distribution during the course of
crystallization could also be predicted. Although the
spherulitic growth rate influenced both the spherulite size
and its distribution during the course of crystallization, it
had no effect on the final spherulitic morphology or the
resulting average spherulitic size. VVC 2008 Wiley Periodicals,
Inc. J Appl Polym Sci 111: 2260–2268, 2009
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INTRODUCTION

The crystallization of semicrystalline polymers is a
major research interest in the field of polymer
physics that has implications for engineering as well
because a quantitative understanding of this issue
and related phenomena could lead to predictive con-
trol over the properties (e.g., physical, mechanical,
and optical properties) of the finished products.1

From an engineering point of view, two key
domains of interest in polymer crystallization are the
crystallization kinetics, which provide information
on the time dependence of the developed crystallin-
ity, and the crystalline morphology, which is a mes-
oscale structure directly influencing the properties of
the polymers.

Polymer crystallization consists of two important
processes: nucleation and crystal growth. In the
nucleation process, nuclei of a critical size are
formed when the thermodynamic condition is satis-
fied.2 The critical size and number of nuclei are con-

trolled mainly by crystallization conditions (e.g.,
temperature and pressure). The formed nuclei act as
seeds for crystallites to grow during the subsequent
crystal growth. Generally, for each polymer, the rate
of crystal growth is a function of the crystallization
temperature (Tc) and can be considered a constant
when the crystallization is considered under an iso-
thermal condition. For highly crystalline polymers,
each crystallite can grow until it impinges on adja-
cent crystallites and its growth abruptly stops at the
formed boundary. Both nucleation and growth pro-
cesses are known to influence crystallization kinetics
and the final morphology.
Numerous studies on crystallization kinetics and

crystalline morphology have been conducted with
several experimental techniques.3,4 Differential scan-
ning calorimetry (DSC) can effectively provide quan-
titative information on the overall crystallization
kinetics. Polarized light microscopy and atomic force
microscopy can provide quantitative information on
the nucleation rate and growth rate but only qualita-
tive information on the morphology in detail (i.e.,
the average crystallite size and crystallite size distri-
bution). Therefore, our understanding of the rela-
tionship between the morphology and properties is
largely qualitative (e.g., a polymer with a large crys-
tallite size will be more brittle than a polymer with a
small crystallite size). From an engineering point of
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view, a more quantitative understanding of such a
relationship is necessary to realize better control
over the properties of a semicrystalline polymer.

Recently, a new methodology for predicting the
final morphology and overall crystallization kinetics
of a semicrystalline polymer based on a stochastic
simulation5–10 and a phase-field model11,12 has been
proposed. This computational approach allows for a
separate examination of the effect of each parameter
governing the crystallization process (e.g., the num-
ber of nuclei and growth rate), which is hard to
realize experimentally as several parameters change
simultaneously. Furthermore, this approach can also
provide quantitative information on the morphologi-
cal development in detail, which is difficult to
achieve experimentally. This gives an edge to the
computational approach that can provide useful in-
formation for better process control during polymer
processing.

In previous reports, most researchers mainly
focused on the effects of crystallization parameters
on the crystallization kinetics and final morphology,
but no one has investigated the morphological de-
velopment during crystallization in detail. Recently,
we developed an algorithm to investigate the influ-
ence of both nucleation and growth processes on
the morphological development and crystallization
kinetics in detail.13 In this work, we further imple-
ment this stochastic simulation to probe the effect of
Tc on both morphological development (e.g., the
crystallinity, average crystallite size, and crystallite
size distribution as a function of time) and overall
crystallization kinetics during the isothermal crystal-
lization of syndiotactic polypropylene (s-PP), which
is used as the model system, on the basis of our pre-
viously published data.14,15

The quantitative understanding of morphological
development obtained from this work is envisioned
as a stepping stone to the future development of an
algorithm that gives details about processing–mor-
phology–property interrelationships. As the crystal-
line morphology of a semicrystalline polymer can be
controlled to some degrees by operating conditions
(e.g., the temperature, pressure, and shear stress),
these relationships will allow us to fine-tune the
final properties though appropriate control over the
operating conditions.

THEORETICAL BACKGROUND AND RELATED
EXPERIMENTAL WORKS

The Avrami macrokinetic model is an equation theo-
retically derived for describing the overall crystalli-
zation kinetics (i.e., the crystallinity evolution) under
isothermal conditions.16,17 In the Avrami macroki-
netic model, the developed crystallinity [y(t)] can be

written as a function of the crystallization time (t) as
follows:

hðtÞ ¼ 1� exp½�kat
na � 2 ½0; 1� (1)

where ka and na are the Avrami crystallization rate
constant and the Avrami exponent, respectively. For
a given crystallization condition, both ka and na are
constants. For simplicity, heterogeneous nucleation
and spherulitic morphology were assumed in our
study. On the basis of this assumption, the parame-
ter ka is related to the total concentration of the pre-
determined nuclei (Ntot) and the spherulitic growth
rate (G) according to the following equation3:

ka ¼ pNtotG
2 (2)

For the purpose of our study, the Avrami macro-
kinetic model is used to validate the applicability of
our algorithm by a comparison of the results
obtained from the model prediction with those
reported in the literature.14,15

To investigate the kinetics of G for a semicrystal-
line polymer under isothermal conditions, the sec-
ondary nucleation theory proposed by Lauritzen
and Hoffman is often used.15 Based on this proposi-
tion, G is related to Tc according to an exponential
equation of the following form:

G ¼ G0exp � U�

RðTc � T1Þ
� �

exp � Kg

TcðDTÞf
� �

(3)

where G0 is a temperature-independent pre-expo-
nential factor, U* is the activation energy for the
transportation of segments of molecules across the
melt/solid surface boundary (usually given as a
value of 1500 cal/mol),9,10,14–16,18 T1 signifies the
cessation of long-range molecular motion (i.e., T1 ¼
Tg � 30, where Tg is the glass-transition tempera-
ture), R is the universal gas constant, DT is the
degree of undercooling (i.e., DT ¼ T0

m � Tc, where
T0
m is the equilibrium melting temperature), f is a

correction factor for the temperature dependence of
the enthalpy of fusion [i.e., f ¼ 2Tc/(Tc þ T0

m)], and
Kg is the nucleation exponent. Practically, the tem-
perature dependence of ka can be described by an
equation similar to that of eq. (3)15:

WðTcÞ ¼ W0exp � H
RðTc � T1Þ

� �
exp � KG

TcðDTÞf
� �

(4)

where W(Tc) and W0 are the overall crystallization
rate parameter (e.g., ka) and the pre-exponential pa-
rameter (e.g., ka0), respectively; H is a parameter
related to the activation energy characterizing the
molecular transport across the melt/solid interface;
and KG is a combined factor related to the secondary
nucleation mechanism.
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Recently, the isothermal melt-crystallization kinetics
of s-PP was investigated with DSC.15 The overall crys-
tallization kinetics was determined by the direct fitting
of the experimental data to the Avrami model. The
temperature dependence of ka was described by eq. (4)
over the Tc range of 40–90�C:

ka ¼ 7:08� 1026 exp � 1807:1

Tc � 237

� �

� exp � 1:39� 106

Tcð441:8� TcÞf
� �

ð5Þ

where ka has a unit of min�n and f is equal to 2Tc/
(Tc þ 441.8). Note that the Tg and T0

m values for s-PP
are �6 and 168.7�C, respectively. In addition, the
isothermal spherulitic growth kinetics of s-PP was
reported previously.14 Here, the G function for re-
gime III (over the Tc range of 45–110�C) was use to
approximate the temperature dependence of G over
the whole Tc range investigated:

G ¼ 9:1� 108exp � 754:8

Tc � 237

� �
exp � 3:6� 105

Tcð441:8�TcÞf
� �

(6)

where G has a unit of lm/min and f is equal to 2Tc/
(Tc þ 441.8).
For the purpose of this study, the nucleation

mechanism was assumed to be heterogeneous in
nature, and the spherulitic growth was two-dimen-
sional. Ntot for a given Tc value could then be calcu-
lated from eqs. (2), (5), and (6). The values of Ntot

and G for different Tc values were then used as
input values in the stochastic simulation for the
morphological development of spherulites in a two-
dimensional space, from which the kinetics of the
space filling was, in turn, used to arrive at the over-
all crystallization kinetics based on the Avrami mac-
rokinetic proposition [i.e., eq. (1)].

STOCHASTIC SIMULATION OF
MORPHOLOGICAL DEVELOPMENT AND
OVERALL CRYSTALLIZATION KINETICS

Figure 1 shows the simplified algorithm used for
our stochastic simulation. In the algorithm, we con-
sider the graphical simulation of the crystallization
process in a two-dimensional space (i.e., a square
lattice with an active area of 800 � 800 unit cells).
Each unit cell equals the real space of 0.04 lm2 (i.e.,
1 lm2 ¼ 25 unit cells). Initially, all 640,000 unit cells
are considered an amorphous entity before the crys-
tallization occurs. Ntot and G for a given Tc value in
the range of 40–90�C were calculated from eqs. (2),
(5), and (6), as previously mentioned. Table I sum-
marizes the input data for this simulation.
At the onset of crystallization (t ¼ t0 ¼ 0), the het-

erogeneous nucleation process occurs. The calculated
number of nuclei (N) appears instantaneously and
randomly within a square lattice. Each nucleus is

Figure 1 Simplified algorithm for the stochastic simula-
tion scheme.

TABLE I
Values of the Input Parameters Used in the

Simulation Scheme

Run Tc (
�C) G (lm/min) Ntot (nuclei/lm

2) ka (min�n)

Tc_40 40 0.93 0.0108 0.0294
Tc_45 45 1.47 0.0102 0.0696
Tc_50 50 2.11 0.0090 0.1257
Tc_55 55 2.76 0.0074 0.1768
Tc_60 60 3.34 0.0056 0.1954
Tc_65 65 3.74 0.0039 0.1704
Tc_70 70 3.88 0.0025 0.1167
Tc_75 75 3.72 0.0014 0.0622
Tc_80 80 3.30 0.0007 0.0254
Tc_85 85 2.68 0.0003 0.0077
Tc_90 90 1.99 0.0001 0.0017

The parameters Dt ¼ 2, t0 ¼ 0, and tf ¼ 100 were held
constant for all runs.
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assumed to occupy one unit cell, and the occupied
unit cell changes from an amorphous entity to a
crystalline one. The position of each nucleus is
recorded by the program. After the nucleation pro-
cess, t increases with a time step of Dt for each
iteration (i.e., tiþ1 ¼ ti þ Dt; where the subscript
indicates step time) until reaching the specified final

time (tf) or the complete crystallization. During the
crystal growth, radius r of each spherulite can be
computed from the product of G (unit cell/time
step) and t; that is, r ¼ G � t. If an amorphous unit
cell falls within the range of radius r of spherulite j,
it is changed into a crystalline unit cell and consid-
ered to be occupied by spherulite j. In the case that

Figure 2 Examples of spherulitic morphology obtained from the simulation scheme at Tc ¼ 85�C: (a) t ¼ 0 s, (b) t ¼ 20 s,
(c) t ¼ 40 s, and (d) final morphology.

Figure 3 Effect of the unit cell size on the spherulite size
distribution at the final morphology for Tc ¼ 65�C.

Figure 4 Effect of the number of runs on the spherulite
size distribution at the final morphology for Tc ¼ 65�C.
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an amorphous unit cell falls within the range of ra-
dius r of several spherulites, it is assumed to be
occupied by the spherulite that has the shortest dis-
tance from the center of the spherulite to that cell.

The morphology in detail (i.e., the crystallinity,
average spherulite size, and spherulite size distribu-
tion) was recorded at each crystallization time. In
the program, the crystallinity is defined as the ratio
of the total number of crystalline unit cells (or occu-
pied cells) to the total number of unit cells (i.e.,
640,000). The average spherulite size can be calcu-
lated from the total number of crystalline unit cells
divided by the total number of spherulites. This pro-
cedure is repeated until the specified tf value or
complete crystallization (i.e., no amorphous unit cell
is available for further growth). Figure 2 illustrates
morphological development obtained from the pro-
gram at the Tc value of 85�C. Figure 2(a) shows the
crystalline morphology at t ¼ 0 s when heterogene-
ous nucleation occurs. Each spherulite grows indi-
vidually without impingement during the first 20 s
[i.e., Fig. 2(b)]. Several impingement boundaries
occur as the crystallization time increases to 40 s
[see Fig. 2(c)], and finally, the final spherulitic mor-
phology is observed [see Fig. 2(d)].

As the positions of nuclei are chosen randomly for
each run, a simulation using the same set of input
data will generate different results for different runs.

By performing dependence tests on the size of each
unit cell, the number of runs, and the lattice sizes
(see Figs. 3–5), we found that the size of the unit cell
is sufficiently small that it does not affect the simu-
lated results. The average data from 5000 runs are
adequate to obtain reliable information on morpho-
logical development and overall crystallization
kinetics. The lattice size of 800 � 800 unit cells used
in this work was sufficient for obtaining reliable
results because the effect of the lattice boundary
becomes negligible.

RESULTS AND DISCUSSION

Figure 6 shows G, Ntot, and ka as functions of Tc for
s-PP; they were calculated with eqs. (2), (5), and (6).
G exhibits the typical bell-shaped dependence with
Tc, and the maximum growth rate occurs at 70�C.
This signifies the typical mobility-controlled mecha-
nism at T < Tc and the typical surface-nucleation-
controlled mechanism at T > Tc. On the other hand,
Ntot exhibits the expected monotonous increase with
decreasing Tc. Clearly, ka, signifying the overall

Figure 5 Effect of the lattice size on the spherulite size
distribution at the final morphology for Tc ¼ 65�C.

Figure 6 Effect of Tc on G, Ntot, and ka.

Figure 7 Effect of Tc (i.e., Tc [ [65�C, 90�C]) on the overall
crystallization kinetics. Symbols show the predicted results
from the simulation, and lines show the predictions
according to the Avrami macrokinetic model.

Figure 8 Effect of Tc (i.e., Tc [ [40�C, 60�C]) on the overall
crystallization kinetics. Symbols show the predicted results
from the simulation, and lines show the predictions
according to the Avrami macrokinetic model.
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crystallization rate, exhibits a temperature depend-
ence on Tc similar to that of G, with the maximum
being observed at 60�C.
Clearly, changes in Tc influence both Ntot and G

simultaneously. As shown in Figure 6, when Tc

decreases from 90 to 70�C, all the microscopic kinetic
parameters, that is, G and Ntot, increase monotonically.
This also results in a monotonic increase in ka. When
Tc decreases further from 70 to 60�C, despite the
observed decrease in G, the observed increase in Ntot

causes ka to still increase. With a decrease in Tc from
60 to 40�C, G continues to decrease at a much faster
rate, whereas the observed increase in Ntot occurs at a
much slower rate, and this causes ka to decrease.

Overall crystallization kinetics

The developed crystallinity as a function of time at
various Tc values from 90 to 65�C and from 60 to
40�C are shown in Figures 7 and 8, respectively. The
time to reach complete crystallization, that is, the
crystallization time, correlates well with ka (i.e.,
the greater ka is, the shorter the crystallization time
is). Consequently, the time to reach complete crystal-
lization decreases with the decrease in Tc from 90 to
65�C, whereas it increases with a further decrease in
Tc from 60 to 40�C. The simulated results compare

Figure 9 Avrami parameters obtained from the analysis
of the simulated results based on the Avrami macrokinetic
model. Lines are provided only to guide the eye.

Figure 10 Effect of Tc on Ntot: (a) 40, (b) 50, (c) 60, (d) 70, (e) 80, and (f) 90�C.
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Figure 11 Time evolution of the spherulite size distribution at different Tc values: (a) 40, (b) 50, (c) 60, (d) 70, (e) 80, and
(f) 90�C.
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well with the experimental results. This clearly
confirms the validity of our algorithm. In further
validating our model, the developed crystallinity
profiles shown in Figures 7 and 8 were analyzed on
the basis of the Avrami model, which is based on
generalized reduced gradient (GRG2) nonlinear opti-
mization.19 Figure 9 shows the values of na at differ-
ent Tc values. As expected, the na values are close to
2, regardless of Tc. The values near 2 are a result of
the assumption made to arrive at the relationship
between G and ka [i.e., eq. (2)].

Morphological development

Figure 10 shows the effect of Tc on Ntot during the
heterogeneous nucleation process. Ntot increases
monotonically with decreasing Tc, which is consist-
ent with the results previously shown in Figure 3.

Figure 11 shows the time evolution for the spheru-
lite size distribution during the course of crystalliza-
tion at various Tc values. The frequency of the
spherulite size is calculated from the number of
spherulites in a given size range divided by the total
number of spherulites. At a given value of Tc, the
spherulite sizes, at the beginning of the crystalliza-
tion process, are relatively small, and the distribu-
tion is relatively narrow. During the course of
crystallization, the distribution curve shifts to the
right-hand side and becomes broader. The result
implicates that the majority of the spherulites
become larger as they are growing with time,
whereas others stop growing as they impinge upon
adjacent ones. At the end of the crystallization pro-
cess, the distribution curve remains unchanged with
time (i.e., no more amorphous unit cells are avail-
able for further growth).

The effect of Tc on the nucleation mechanism and
the transient behavior of the crystallization process
can also be inferred from the simulated results
shown in Figure 11. At Tc ¼ 60�C, the rate at which
the amorphous unit cells convert into the crystalline
ones is the greatest (see also Fig. 3). At Tc values
greater or lower than 60�C, such conversion rates

decrease monotonically. Interestingly, the sizes of
the majority of the spherulites growing at 80 and
especially 90�C are located at the largest end of the
distribution curve. This is because, at such high Tc

values, Ntot is low, and this causes each spherulite to
be able to grow independently without impinge-
ment. The effect of impingement on the reduction in
the sizes of the majority of the spherulites can be
observed on the spherulites growing at 80�C.
The effect of Tc on the transient evolution of the

average spherulite sizes is emphasized in Figure 12.
Clearly, the average size of the spherulites growing
at a given value of Tc increases monotonically with
the initial increase in the crystallization time and
levels off at a certain crystallization time. The critical
crystallization time after which constancy in the
average spherulite size is observed is related to the
extensive impingement of the growing spherulites.
At 90�C, the spherulites are able to grow without
impinging on adjacent ones, and so we observe a
monotonous increase in the average spherulite size
with increasing crystallization time (within the range
of crystallization times investigated). The effect of Tc

on the spherulite sizes at complete crystallization is
illustrated in Figure 13. Clearly, the size distribution
becomes broader and shifts to the right-hand side
with increasing Tc. This indicates that the spherulites
get larger with increasing Tc. On the basis of the
obtained results, it can be concluded that the final
morphology and size of the spherulites are con-
trolled mainly by the number of nuclei (regardless
of G), which, in turn, is influenced by the crystalliza-
tion conditions (e.g., Tc).

CONCLUSIONS

A stochastic simulation accounting for the nucleation
and subsequent spherulitic crystal growth under
quiescent isothermal crystallization of a semicrystal-
line polymer was developed. The proposed simula-
tion model was successfully used to describe the
effect of Tc on morphological development in detail

Figure 13 Effect of Tc on the spherulite size distribution
at complete crystallization.

Figure 12 Effect of Tc on the time evolution of the aver-
age spherulite size.
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during isothermal crystallization of s-PP, which was
used as the model polymer. On the basis of previ-
ously published experimental data for s-PP, both
Ntot and G as functions of Tc were obtained. Based
on these input data, the conversion of empty unit
cells (i.e., the amorphous entity) into occupied ones
(i.e., the crystalline entity) during nucleation and
subsequent spherulitic crystal growth within a
square lattice could be carried out in a systematic
manner as a function of Tc. The developed crystallin-
ity, as predicted by this simulation scheme, could
also be analyzed by the Avrami macrokinetic model,
in which good agreement between the predicted and
theoretical values for s-PP was observed. Based on
this simulation scheme, both the spherulite size and
its distribution during the course of crystallization
could also be predicted. It was found that although
G influenced both the spherulite size and its distri-
bution during the course of crystallization, it had no
effect on the final spherulitic morphology or the
resulting average spherulitic size.
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